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LIFTING-SURFACE-THEORY VALUES OF THE DAMPING
IN ROLL AND OF THE PARAWETER USED IN
ESTIMATING AILERCN STICK FCRCES

By Robert 3. Swanson and E. IaVerne Priddy

SUMMARY

An investigation was made by lifting-surface
theory of a thin elliptic wing of aspect ratio 6
in a steady roll by means of the electromagnetic-
analogy method. Trom the results, aspect-ratio
corrections for the damping in roll end alleron hinge
moments for a wing in steady roll were obtained that
are considerably more accurate than those given by
lifting-line theory. irst-order effects of com-
pressibility were included in the computationsg.

The results obtalned by lifting-surface theory
indicate that the damping in roll for a wing of aspect
ratio 6 1s 13 percent less than that glven by 1ifting-
line theory and 5 percent less than that given by
1lifting=-1line theory with the edge-veloclity correction
derived by Robert T. Jones applied. The results are
extended to wings of other aspect ratios.

In order to estimate alleron stick forces from
static wind-tunnel data, it 1s necessary to know the
relation between the rate of change of hinge moments
with rate of roll and rate of change of hinge moments
with angle of attacli. The values of this ratio were
found to be very nearly cqual, within the usual accuracy
of wind-tunnel measurements, to the values estimated
by using the Jones edge-velocity correction, which for
a wing of aspect ratio 6 gilves values 4.4 percent less
than those obtained by 1lifting-line theory. An
additlional lifting-surface-theory correction was
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calculated btut need not be applied except for fairly
large high-speed airplanes.

Simple practical methods of applying the results
of the lnvestigation to wings of other plan forms are
glven. No knowledge of lifting-surface theory is
required to apply the results., ITn order to facilitate
an understanding of the procedure, an illustrative
example is gilven.

INTRODUCTION

Cne of the many aerodynamlc problems for which
a theoretical solution by means of lifting~line theory
might be expected to be lnadequate 1s the case of a
wing in steady roll. Robert T. Jones has obtained in
an wunpubllshed analysis similar to that of reference 1
a correction to the lifting-line-theory values of the
dampirg in roll that amounts to an 3-percent reduction
in the values for a wing of aspect ratlo 6. Still more
accurate values may be obtained by use of lifting-surface
theory.

A method of estimating aileron stick forces 1In a
steady roll from static wind-tunnel dsta on three-
dimensional models 18 presented in reference 2, Thls
method 1s based upon the use of charts gilving the
relation between the rate of change of hinge moment with
rate of roll Chp and the rate of change of hinge

moment with angle of attack Cpg in the form of the

C
_Ip
.Cha
of lifting-line theory. It was pointed out In reference 2
that the charts might contain falrly large errors which
result from neglecting the chordwise variation 1n
vorticity and from satisfying the airfoil boundary condl-
tions at only one point on the chord as is done in
lifting-line theory. A more exact determination of the
parameter @P)Cb is desired. 1In reference 3 an addl-

which is determined by means

3

parameter (gp)ch =

tional aspect-ratio correction to Cha as determined

from 1lifting-surface theory 1s presented. 1In order
to evaluate the possible errors in the values of Qap)ch
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az cetermined by lifting-line thecry, 1t 1s necessary
o determine similar additional aspect-ratio corvcctlons
to Chp' ’

A description of the methods and equipment required
to solve lifting-surface-theory problems by means of
an electromagnetic analogy is precented In reference 4.
An electromagretic-analogy model simulating a thin
elliptic wing of aspect ratio 6 in a steady roll was
constructed (fig. 1) and the magnetlc-field ctrength
simulating the induced downwash velocities was measured
by the methodes of reference 4. Data were thus obtained
from which additional agpect-ratio corrections to Chp for
a wing - of aspect ratio € were determined.

Because of the small magnitude of the ccrrection
to (ap Ch intrnduced by the lifting-surface calculatlons,

it was not considered worth while to conduct further
experiments on wings of other plan forms. An attempt
was therefore made to effect a reasonahle generalization
of the results from the available data.

Inasmuch as the theory used in obtalning these
results is rather complex and an understanding of the
theory 1is not necessary in order to make use of the
results, the material precented herein 1s conveniently
given in two parts. Part I gives the recults in a
form suitable for use without reference to the theory
and part II gives the development of the theory.

SYMBEOLS
a angle of attack (radians, unless otherwice
stated)
cy, section 1ift coefficient <}%€E>
Cy wing 1ift coefficient (%g_t>

Cn hinge-moment coefficlent ( 5
N\ qcg bg

Rolling moment>

dinge momenf)

¢y rolling-moment coefflcientr < 455
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slope of the sectlon 11ft curve for incom=-
nressible flow, per racdian unlesc otherwise
stated

wing~tip helix angle, radians

circulation strength

damping coefflicient: that 1s, rate of change
of rolling-mecment coefficient with rate

&6,
of roll —_— >
o (pb/2v)

rate of change of hirge moment with rate of

rate of cha?ge cf hirge moment with angle of
oCy,
attack k&-l”-)

rate of change of wing 1ift coefflclent

bCI) =
with angle of attack { —=
aa /P
“h
ahsoclute value of the ratio <t£2 .
hy ,

wing chord

wing chord at plane of symmetry

balance chord of alleron

chord of alleron

alleron root-mean-square chord

chordwlse distance from wing leading edge

spanwise distance from plane of symmetry -
aileron span

wing semlspan
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‘area of wing

welght of airplane

stick force, pounds

stick deflection, degrees

aileron deflectlon, degrees, positive downward
agspect ratio

equivalent aspect ratio in compressible

flow (81 - 12

taper ratio, ratio of fictitious tip chord
to root chord

free-stream Mach number
vertical comporient of incduced velocity
free-stream veloclty

free-stream dynamic pressure (%pVé)

edge-velocity correction factor for 1ift

edge-veloclty correction factor for rolling
moment

hinge-moment factor for theoretlcal load
caused by streamline-curvature correction
(reference 5)

experimentally determined reduction factor for
F  to include effects of viscosity

trailing-edge angle, degrees
pararmeter defining spanwise location (%os'l E§5>

constants

Subscripts:

- L

lifting-line theory
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LS lifting-surface thecry

EV edge-veloclty correction

SC streamline curvature

max maximum

o outboard

i inboard

e effective

c compressibility equivalent

I-APPLICATION OF METHOD TO
STICK-FORCE ESTIMATIONS

GENERAL METHOD

The values of the damping in roll Czp presented

in reference 2 were obtained by applying the Jones
edge-velocity correctlion to the lifting-line-theory
valuea. For a wing of aspect 6, the Jones edge-veloclity
correction reduces the -values of CLp by ahout 8 percent.

From the data obtained on the electromagnetlic-analogy
model of the elliptic wing of aspect ratio 6, a more
accurate correction to CLO for this aspect ratio

b

could be calculated., The damping in roll was found
to be 13 percent less than that given by lifting-line
theory. The results were extenced to obtain values
of Czp for wings of various aspect ratios and taper

ratios. These values are presented in figure 2. The
parameter /1 - M 1s included in the ordinates and

abascissasto account for first-order compressibility
effects, The value of a4 to be used in figure 2

is the value at M = O.
The method of estimating aileron stick forces

C
requires the use of the parameter Gﬁﬁc = EEE
h M hg

.
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Becauge Cha can bte found from the static wind-tunnel
data, it 1s posslble to deterunlne Chn and thus the

effect of rolling upon the aileron,sticx forces
if 61“> 1s nown. In order to avoild measuring  Cp
0, a

at 51l points to be computed, the effect of rolling 1is
usuelly accounted for by estimating an effective angle
of attack of the rolling wing such that the statlc
hinge moment at thie angle 1s equivalent to the hilnge
moments during a roll al the initial angle of attack.

The effective angle of attack 1s equal to the initlal
* angle of attack corrected by an incremental angle (Aa)ch

that accounts for rolling, where
\ _ b '
(sadey, = (@p)gy, T (L

The value of (Aa) 1e added to the initial o for
Cn

the downgoing wing and suvbtracted Irom the initial a«a
for the upgoling wing. The values of Oy corresponding
to these corrected values of g are then determined
and are converted to stick force from the known dynamic
pressure, the alleron dimensions, and the mechanical
advantage.

The value of pb/BV to be used in equation (1)
for determining (AG)Cy 1s (as explained in reference 2)

. . h s o
the estimated value for a rigid unyawed wing; that 1s,

pb o &
2V Clp

The valuc of C; to be used in calculating pb/2v
should also »e corrected for the effect of rolling.
The calculation of pb/2V 15 therefore determined by
successive approximations. For the first approxi-
mation, the static values of C; are used with the

value of C, from figure 2. TFrom the fir=t-approxl-

p
mation values of pb/2V, an incremental angle of
attack (A“)CL 1s estimated. For all practical purposes,

(*p)c, = #9) ¢
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and from eguation (1),

= e b
00, = (w2), B

Second-approximaticn values of CL can be determined

at the effective angles of attack g + Ag¢ and aq - Aa.
The second-approximation value of pb/2V obtalned from
this value of (C is usually sufficiently accurate

to make further approximations unnecessary.

In order to estimate the actual rate of roll,
values of pb/2V for the rigid unyawed wing must be
corrected for the effects ol wing flexibility and
alrplane yawing motion. An empirical reduction factor
of 0.8 has been suggested for use when dsta on wing
stiffnegs and stability derivatives are not available
to make more accurate corrections. Every attempt should
be made to obtaln such data because this empirical
reduction factor is not very accurate - actual values
varylng from 0.6 toc 0.9. The improvement in the
theoretical values of Cy obtained by use of lifting-

surface theory hereln is lost if szuch an smpirical factor
Is used. 1In fact, 1f more accurate corrections for

wing twist and yawing motion are not made, the empirical
reduction factor should be reduced to .0.75 when the more

-~

correct values of Clp given in figure Z are used.

£

The values of thc rre=zented in reference 2
h

were obtalned by graphically integrating some published
span-load curves determined from lifting-line theory.
Determination of this parameter by means of the lifting-
surface theory presented hereln, however, gives somewhat
more accurate values and incdicates a varlation of the
paramcter with aspect ratio, tapcr ratio, alleron span,

1 ame Fr
Mach number, Cha’ and the parameter ?5;75?5
In practice, a value of (ap) equal to the
C
11fting-line-theory value of (ap) ‘B (see appendix)
Frvhr
times the Jones edge-velocity correction
Ao * 4 AE, + 2
A + © ALE!', + 4
accurate. The incremental angle of attack (Aa)Cy is then
1

parameter is probably sufficiently
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S

(AG)Ch

(2)

If further refianerient in estimating the stick force
is desired, & amall addltlional lifting-surface-theory

correction ACw = AGNHJ 5% may be added to the
LS

hinge moments determined. For wings of aspect ratios of
from about 4 to 8, values of this additional lifting-
surface-theory correction are within the usual accuracy
of the measurements of hinge moments in wind tunnels;
that 1s,

/ ob -
ACL = A (Cp\ sp = 0.002
h (‘ hp/]q < <

for a rb/2V of 0.1 and therefore need not be applied
ezcent for very accurate work at high spe=ds on large
alrplares. Values of @hﬁ ——= &are given in
Chrp Ac * < —
figure 3. The effective agpect ratio Ae = AY 1 - M
is used to correct for [irst-order compressihility eflfects
AL, + 2
and valuves of 72?§~“ -
Al o + 4

in figure 4. Values of the correction

 (Cny) (€5£Q__/1 - i

are given as a function of Ag

LS
are given in figure 5 as a function of A, and values
———Elﬁ3 are given‘in figure 6, The value of m 1s
(ca/c)*®

approximately 1 - 0.00058%. The values of cp/ca given
in figure 6 are for control surfaces with an external
overhang such as a blunt-nose or Frise overhang. For
shrouded overhaqg such as the internal balance, the
value of ch/ca should be multiplied by about 0,8 before
ueing figure 6.

If the wind-tunnel data are obtalned in low-gpeed
wind tunnels, the estimated values of Clp ard ag§
shiould he deferm;ned for the wind-tunnel Mach number’
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(assume M = 0). Otherwise the tunnel data riust be
eorrected for compressibility effects and nresent
methods of correcting tunnel data for compressibility
are belleved unsatisfactory.

ILLUSTRATIVE EXAMPLE

Stick forces are computed from the results of the
wind-tunnel tests of the 0.40-scale semispan model of
the wing of the same typlcal fighter alrplane used
ag an 1llustrative example 1In reference 2. DBecause
tle wind-tunnel data were obtalned at low speed, no
corrections were applled for compressibility effects.
Because thls example 1z for illustrative purposes
only, no computations were male to determine the effects
of yawing motlon or wing twlst on the rate of roll but
an emplrical reduction factor was used to take account
of thnese effects.

A drawing of the plan form of the wing of the model
is presented in figure 7. The computations are made at
an Indicated airspeed of 250 miles per hour, which
corresponds to a 1ift coefficient of 0.170 and to an
angle of attack of 1.3°. The data required for the
computations are as follows:

Scale of model « ¢« v v ¢« o s s x4 e s v oo oo 0,40
Alleron span, bg, feet . « . . . ¢« ¢ o o o oo . 3,07
Atleron ront-mean-square chord <cg, feet . . . 0.371
Trailing-edge angle, @, degrees . . . » + « + . 13.5
Slope of section 1lift curve, a5, per degree . 0.094

Balance-alleron-chord ratlc, cb/ca e v e e s 0.4

Aileron-chord ratio, c¢g/c, (constant) . . . . . 0.155
s Y1

ocation of Inboard alleron tip v s s s s . 0,58

Loc ero e, 375

Location of outboard alleron tip, j%%A. v e e .. 0.98

: b
Wing aspect ratio, A + « & « v ¢ ¢ 4+ v 4 s e 4 o & D3O
Wing taper ratio, A . . . B ¢ Y 10

Maximum sileron deflection, Oapgy, degrees . . . . 16
Maximum stick deflectlon, Bspgys, degrees . + « « . 21
Stick length, feet « « + « + + ¢« ¢ ¢ « v v « » » o+ 2.00
Allercn~linkage-system ratio « + « ¢« v + + + « . . . 1tl
Wing loading of airplane, Wi/S, pounds pe

square Foob o v v v 4 4 4 4 o e e e e s o0 e e a0 27,2
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The required wind-tunnel tecst results incluvds
rolling-moment coefficlents and hinge-moment coefflcients
corrected for the effects of the let bourdaries. Typical
data plotted against alleron deflection are presented
in figure 8. These same coefficilents cross-plotted
against angle of attack for one-fourth, one-half, three-
fourths, and full ailleron deflections are given in
figure 9. The value of Clp/ao as determined from

figure 2 13 4.02 and the value of Clp is 0.378. The

; N AC + 4 ACEC + 2 a1 £1 (2
value o (dp>c Tl Ve s use n equation (2)
hTI
to determine (Aa)c ls found from fipcures 3 and 4 to
h
be 0.565 and is used to compute both the rate of roll and

the stick force.

In order to facilitate the computations, simultaneous
plots of C; and (Aq)ch againat pb/2V  were made

(fig. 10).

The steps in the computation will be explained in
detail for the single case of equal up and down aileron
deflections of 49 '

(1) From figure 9, the valuesof C; corresponding
to 8g = 4° and &y = -4° at a = 1.3° are 0.0058
and -0.00562, respectively, or a total static C,
of 0.0110.

(2) A first approximation to (Aa)ch taken at the
velue of pbh/2V corresponding to C; = 0.0110 1in
figure 10 1s found to be 0.98°.

(3) Second-approximation values of ¢; (fig. 9)
are determined at ¢ = 0.35° for 8, = 4°° and at g = 2.25°
for 06g=-4%, which give a total C; of 0.0112.

(4) The second approximation to (Aa)cb is now

found from figure 10 to be 0.96°, which 1is sufficiently
close to the value found in step (2) to make any additional
aprroximations unnecessary.
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(5) By use of the value of Cj; from step (3}, the

value of g% = 0.0300 is obtained from figure 10.

From figure 9 the hlnge—moment coefficlient
corresponding to 8g = 4° and the corrected angle of

E‘
attack o = 0,34” 1s -0.0038 and for 0y = -47
and g = 2.26° 1is 0.0052. The total Ch is there-
fore 0.0020. -

(6)

(7) The stick force in pounds is calculated from
the aileron-linkage-system data, the alleron dimenslons,
the increment of blngc -moment coefflcicnt and the 11ift
coefficient 2as follows

3tilek force X Travel = Hinge moment X Deflectlon
where the hinre moment 1s equal to Chqbagag and the
motion 1s linear.

Substitution of the appropriate values in the
equation gives

2 x 21 _ _16 — 5
Fs ~57.3 7.3 CndbgCy

and the wing loading is

W

7= 90
= 27.2
Therefore, ‘
o o 27.2 o 307 (0,371 ¢ 16 x 57.3
s~ ¢y °hb 0.4 \ 0.4 2 X 21 X 57.3
or

{1

0.0090 and Cp = 0.170,

n a2 b4 :'_::_E:

= 5,62 pounds

Thus, when Cy
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This ctick force 1s that dues ton ajiler-n defliection and
has been corrected by (ap\p ag determired with the
/ ,lh_’_

. .oV P
Jornies edge-velocity correctich aprlied to the lifting-
line-theory vealue.

(6) The small additional lifting-curface correction
to the hinge moment (flg. 5) 1g obtained from

\ 2
A(Chf) liélil, = 0.0207

p‘LS &

n=1 - 0,0006{1%,5)%
= 0.91
From Cigure 6,

F

——ran = 0.55
(ca/) ?

Therefore,
A(Chp> = 0.0207 x 0.91 x 0.55
IS
= 0.0103
and
A(Ch)ns = 0.0103 x 0.07

0.0C03

(9) The AF_ due to the additiosnal 1lifting-
surface correction of step (8) may be erpresced as

aFg = Sl 5 (%)

i

0.184 pound
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Then,

Total stick force = Fq + AFg

|

3.62 + 0,124
= 3.74

The stick-force computations for a range of alleron
deflection are presented in table I, The {inal stick-
force curves are presented in fipure 11 as a function of
the value of pb/2V calculated for the rigld unyawed

wing. TFor comparison, the stlck forces (fir-t-approximation
values of table I) calculated by neglecting the effect

of rollianr are also presented. Stick-force characteristics
estimated For the flexible airplane with fixed rudder

are presented in figure 11. The values of pb/2V  obtained
for the rigid unyawed wing were simply reduced by applylng
an empirical factor of 0,75 as indlcated by the approxi-
mate rule suggested In the preceding section. No calcu-
lations of actual wing twist or yaw and yswing motion

were made for thls example.

IT-DEVELOPNENT OF METHOD

The method for determining values of Cy and Chp

1s based on the theoretical flow around a wing in steady
roll with the introduction of certain empirical factors

to take account of viscosity, wing twist, and minor
effects. The theoretical solution 1s obtaincd by means

of an electromagnetic-analogy model of the 1lifting
surface, which simulates the wing and lts wake Dby current-
carrving conductors in such a manner that the surrounding
magnetic fleld corresponds Lo the velocity fleld about

the wing. The electromagnetic-analogy method of obtalning
solutions of lifting-surface-theory provlems ls discussed
in detall 1n refercnce 4, The present calculations were
1imited to the case of a thin elliptic wing of aspect
ratio 6 rolling at zero angle of attack.
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ELECTROMAGNETIC-ANAT.0GY MODEL

Vortex Pattern

In order to censtruct an electromegnetic-analogy
model of the rolling wing and wake, 1t 1s necessary
to determine first the vortex pattern that 1s to
represent the rolling wing. The desired vortex
pattern is the pattern calculated by means of the
two-dimensional theoriles - thin-airfoil theory and
lifting-1line theory. The additional aspect-ratio
cerrections are estimated by determining the difference
hetween the actnal shape of the wing and the shape that
wonlld be reguired to sustain the 1ift distribution or
vortex pattern determined from the two-dimensional
theories.

For the speclal cases of a thin elliptic wing at
a uniform angle of attack or in a steady roll, the
lifting-line-theory values of the span load distribution
may be obtalned by means of simple calculations (refer-
ence 6). The span load distributions for both cases
are equal to the span load distributions determined
from strip theory with a uniform reduction in all
ordinates of the span-load curves by an aerodynamic-

induction factor. This factor 1is I%é;g for the wing

at a uniform angle of attack and 77%53 for the wing in
steady roll. The eguation for the load at any spanwise

station —%5 of a thin elliptic wing at zero angle of
b -

attack rolling steadily with unit wing-tip hellx angle

pt/2V 1s therefore (see fig. 12)

et At s e oot

cey ema /g 7\
——re = ST 1 - 3
cglob/2v) ~ B+ 4 <b/2) b/2 )

where 8y = 2.
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The chordwlse cilrculction funection _2r from thin-
’ cc LV
airfoill theory for an inclined flat plate 1is

-1
_el 2X
= —_ - —_ + - —
ce v W ‘ V/ ( cos Q‘ c (4)

where x/c 1is measured from the leading edge. (?ee

fig. 13 for valueg of 2l
ceqV

The vortex pattern ls determined from 1lifting-
line theory as the product of the spanwlce-loading

ce

function L and the chordwise circulation

- cs(pb 2V)

function ciPV for all points on the wing and in the
1

wake; thus,

27 CCy or

cgV(pb/2V)  cglpb/2V) ceyV

Contour lines of this product determine the equivalent
vortex pattern of the rolling wing. Ten of these lines
are shown in figure 14. The contour lines are given
in terms of the parameter

e
¢ GV (pb/ev)
r 2T
L V(Db/Z‘V)J
which reduces to - I .
. +max

Congtruction of the Model

Details of the construction of the model may be
seen from the photographs of figure 1. The tests were
mede under very nesrly the same conditions as were the
tests of the preliminary electromagnetic-analogy model.
reported in reference 4. The span of the model was
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twice that of the model of reference 4 (€.56 ft irstecc
of 3.28 ft), but since the aspect ratio is twlce as
large (6 instead of 3), the maximum chord 1s the rame,.

In order to simplify the construction of the modcel,
only one semispan of the vortex sheet was simulated.
Also, in order to avoild the large concentrations of
wires at the leading edge and tips of the wing, thils
semlspan of the vortex sheet was construvcted of two
sets of wires; each of the wires in the set reprecenting
the region of high load gracding simulated a larger

T
™

increment of A than the wires in the set

fmas
representing the regfon of low load grading.

Downwacsh Measurenents

The magnetic-field strength was measured at 4 or §
vertical heights, 15 spanwise locations, and 25 to 50
chordwise stations. A number of repeat tests were made
to check the accuracy of the measurements and =atisfactory
checks were obtalined.

The electric current was run through each set of
wires separately. With the current flowing through one
set of wires, readings were taken at points on the model
and at the reflection points and the sum of these readings
was multiplied by a constant determined from the increment

N
of vorticity A PF ) represented by that set of wires.
max
Then, with the current flowing through the other set of
wires, readings vere taken at both real and reflection
points and the sum of these readings was multiplled by
the appropriate constant. The incduced downwash was thus
estimated from the total of the four readings. The fact
that four separate readings had to be added together dld
not result in any particular loss in accuracy, because
readings at the missing semispan were fairly small and
less influenced by local effecte of the incremental
vortices. A more accurate vortex distribution was made
possible by using two separate sets of wires. The measured
data were falred, extrapolated to zero vertical height,

and converted to the downwagh function wo as dls-
2lax

cussed in reference 4. The final curves of gﬁﬂl_ are

imax
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presented for the quarter chord, half chord, and three-
quarter chord in figure 15. Also presented in figure 15
are values of E%EL— calculated by 1lifting-line theory

- max
arnd values calculated by 1lifting-line theory as corrected
by the Jones edge-velocity correction.

DEVELOPMENT OF FORNMULAS

General Discussion

Lifting-surface corrections.- The measurements of
the magnetic-fielda strength (induced downwash) of the
electromagnetic-analogy model of the rolling wing glve
the shape of the surface required to support the dlstri-
bution of 1lift obtasined by lifting-line theory. Correc-
tions to the spanwise and chordwlse load dlstributions may
be determined from the difference between the assumed
shape of the surface and the chape indicated by the
downwash measurements., Formulaz for determinling these
corrections to the span load distributions and the rolling-
and hinge-moment characterlistics have been developed in
cornection with jet-boundary-correction problems (refer-
ence 5). Thecse formulas arc tased on the assumption
that the differsence between the two surfaces 1s equivalent
at each =section to an incrcment of angle of attack plus
an increment of circular camter. From figure 15 it may
be ceen that such assumptions are justifled since the
chordwise distribution of downwash 1ls approximately
linear. It should be noted that these formulas are based
on thin-airfoil theory and trus do not take into account
the effects of viscosity, wing thickness, or compressi-
billity.

ylﬁcositv.- The complete additional aspect-ratio
correction consists of two parts. The main part results
from the streamline curvature and the other part results
from an additional increment of induced angle of attack
(the angle at the 0.5¢c point) not determined by lifting-
line theory. The second part of the correction is
normally emall, 5 to 10 percent of the first part of
the correction. Some experimental data indicate that the
offect of viscosity and wing thickness is to reduce the
theoretical streamline-curvature correction by about
10 percent for airfoils with small trailing-edge angles.
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EssentZlally the same final answer is therefore ovtained
whether the corrections ere applied in twe parts (as
should te done, strictly speal'ing) or whether they are
applied in one part by use of the full theoretical value
of the streamline-curvature correction. The added
simplicity of using a single correcction rather than
applying 1t in two parts led to the use of the method of
aprlication of reference 3.

The use of the single correction worked very well
for the allerons of reference 3, which were ailerons with
small trailing-edge engles. A study 1s In progress at
the Langley Laboratories of the NACA to determine the
proper &aspect-ratio corrections for allerons and tall
surfazes with bevesled treiling edges. For beveled
trailing edges, in which viscous effects may be much
more pronounced than in ailerons with small tralling-
edge angles, the reductlion in the theoretical streamline-
curvature correction may be considerably more than
10 percent; also, when Cpg 1I1s positive, tne effects
of the reducbtion in the streamline-curvature correctlon
and the additlional downwash al the 0.50¢ point are
additive rathcr than compensating. Althcugh at present
insufficient data are available to determine accurately
the magnituds of the reduction In the streamline-
curvature corrcction for beveled allerons, 1t appears
thot the simplification of applylng aspect-ratio correc-
tions in a sirgle =tep 1s not allowable for beveled
allerons. The correctlnng wlll therefore be determined
in two separate parts in order to keep them general:
one part, a streamline-curvature correctlion and the other,
an angle-of-attack corvection. An examination of the
experimental data available indlcates that more accurate
valueg of the hinge moment resulting from streamline
curvature are obtalned by multiplying the theoretical
values by an emplirical reduction factor which is
approximately equal to 1 = O.OOOS)‘ZS2 where ¢ 1s the
trailing-edge angle in degrees. This factor will
doubblezs be modified when further experimental data
arg avallable.

Compressibility.- The effects of compregsesibility
upon the additfonal aspect-ratio corrections vere not
considered in reference 3. TFirct-order compressi-
bility effects can be accounted for by application of
the Prandtl-Glavert rule to lifting-surlace-theory
results. (Sec refcrence 7.) This method consists in
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determining the compressiltle~flow characteristics of an
equivalent wing, the chord of which 1s increased by the

ratio L _ where N is the ratlio of the free- .-

/1 - P
stream velocity to the velocity of scund. Because
approximate methods of extrapclating the estimated
hinge-moment and damping-moment paremeters to wings
of any aspect ratio will be determined, it i1s necessary
to estimate only the hinge-moment and damping parameters
corresponding to an equivalent wing with its aspect

ratioc decreased by the ratio V1 - Mz. The estimated
parameters for the equivalent wing are then increased

bty the ratio

The formulas presented subsejuently in the section
“Approximate Hethod of Extending Results to Wings of
Other Aspect Ratios" are developed for M = O, %but the

B

figures are prepared by substituting As = A\/ﬁ - Me

for A and multiplying the paramefers as plotted

by /1 - ¥2. The edge-velocity correction factors B,
Eeos E'c, and E'e, are the factors corresponding to Ag.
The figures thus include corrections for first-order
compressibility effects.

Thin Elliptic Wing of Aspect Ratio 6

Damping in roll Clp.- In order to calculate the

correction to the lifting-line~theory values of the
dampling derivative Clp it 18 necegsary to calculate

the rolling moment that would result from an angle-
of-attack distribution along the wing span equal to

the difference between the measured downwash (determined
by the electromagnetic-analogy method) at the three-
gquarter-chord line and the downwash values given by
lifting-line theory. (See fig. 15.)

Jones has obtalined a simple correction to the
1ifting-line-theory values of the 1lift (reference 1)
and the damping in roll (unpublished data) for flat
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elliptic wings. This correcticn, termed the “Joass
edge-velocity correction,™ is applied by multiplylng
the 1lifting-line-theory valueg of the 1ift by the

Ao + 2 . .
ratio ks ¥ 2 and the 1lifting-line-theory values
Ae *+ 4 .
of the damping in roll by —=—-—— with values of I,

1 4
AR, + 4
and E', as given in figure 16. As may be seen from

figure 15, the downwash given by the Jones edge-velocity
correction 1s almost exactly that messured at the

0.50c points for flat elliptic wings. Thls fact is
useful in estimating the lifting-surface corrections
because the edge-velocity correction, which is given

by a simple formula, can be used to correct for the
additional angle of attack indicated by the linear
differeiice in downwash at the 0.50c line.

The variation in downwash between the 0.25c¢c line
and 0.75¢ line, apparently linear along the chord,
indicates an approximately circular streamline curvature

or camber of the surface. The increment of 1lift resulting

at each section from circular camber 1s equal to that
caused by an sdditional angle of attack given by the
slope of the section at 0.75¢c relative to the chord line
or the tangent at 0.80c¢ - that 1is, <%) - (%) .
0.75¢ C.5Cc¢c

Because thils difference in downwash does not vary linearly

along the span, a spanwlse integration is necessary to
determine the streamline-curvature increment in rolling
moment; that is,

(AC7> = Trexhe /Pl ( -
VUPISC T bV (AcEe + 4) Jo  |\Fmax/g 750

vh c 7
—_— Lo g 2
<2Pmax>o’5oc Cg b/2 (’o/z

An evaluation of Tz, 1n terms of ph/2V 1s necessary

to determine the correction to the damping-moment
coefficient Clp' The 1lifting-line-theory relation

(8)
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and ph/2V 1ig, from equation (3),

r - 2Vb(ph/EV)
*max ~ A+ 4

between Pmay

Vith the edge-veloclity corrcction applied

_ 2Vt (pb/2V) (6)

‘max

The value of the streamline-curvature correction
to Cln 1s therefore
&

( 164, [( ‘>
ACL v> = s /
\ F/sc (AcE'e + ”) ‘\Fna 0.75e

Ay

- (2 _9__,_ ( (7)

-O.SOc

A graphical integration of equation (7) gives a value

of 0.022 for (ACZ) :
sz

By the integratlon of eqguation (2), the value

of C, for incompressible flow 1s found to
P/1L
Lt A
— ——— ™7 = Y o
be 7 T+ 4 C.471 for A 6
Application of the edge-velocity correction, for 4L = 6,

) B A
Cip by SBET + )

= 0.40:

and, finally, subtracting the streomline-curvature
correction glives a value of Czp, for A =06, as

follows:
s - [AC
<LP>EV ( Zp>so

0.411

(J]

2
o~
'C
1"

fl
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D
(&

The value of JLD for & wing of aspect ratio 6

is thercfore 132 porcant less than the value given by
lifting-line theory and 5 nercent less than that
given by 1lifting-iine theory with the Jones edge-
velocity correction applied.
Tinge-moment perarmeter Ch - The estreamline-
JROE—— ......_....,___J_
curvature correction to ) for constant-percentage-

chord ailerons is, from reference 5 and with the value
of T ., &iven in equation (8),

max
o /ﬂé(Wb/g?wax> c ¥ 7\
(2o ) “,“/ eSS *(72) ()
3C ,,_".) (AC‘E‘ c * 4 <___) dlcf- .

wihere the integrations are made acrcss the aileron span.
Because the dewnwagh at the 0.80c point is gilven
satlsfactorily by applying the edge-veloclty corvection

to the lifting-line-thecory values of the downwash, the

part of the correction to Cnp which depends upon the
downwash at the 0.E0c point rmay be determined by means

of the edge=-velocity correction. The effect of aerodynamic
induction was neglected in cdeveloping egquation (3) tecauce
aerodynemic induction has a very small effect upon the
ninge-moment correctlons cauced by strearline curvature.

Values of the factor / )? for various aileron-
¢
chord ratiog ard balanre rat¢o< as determined from thin-
alrfeil theory are given in figure 6. L4s mentioncd
previoucly, mn 1s a factor that approrimately accounts
for the combired effects of wing thickness and viscosity

r
Ca/e)F
experlimental aata availdble at prersent indicate .
that m = 1 - .0005¢°. Results of the ints gration of

equation (8) for the elliptic wing of aspect ratio 6
are given in figure 17 as the parameter

(casc)®

(Acbp) N 1)y/i - %°. Values
SO \ .

altering the ralculated values of The

&1
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of (th) (care)® (A +1) /1 - ¥2 determined a
NE 1 (a . ;

sc M v

in reference 3 are glven in figure 18.

The value of <bhp) - is
IS

(chp i ( LlOL>)LI (p>ChLL AA%'Jr 7 * <Achp> sC

Since

Ag + 2
'A_cgf%im (Cha>m " () g~ (%00) s

then
(Cnadyg = (P)ongy TSt B ()
P/1s Vhip #e® ' c c T “ a/1s

; \ A, + 4 AL 2
' (Achp) sc (Acha> SG ( p>thL A;%'C + 4 ACC : +2

or

<Chp>13= [(“p)c} <C1“G)Lg] ¥ liﬁl(ChP) 1S (9)

N

The formula for the parameter (a \ is derived
P)enyr

for elliptic wings In the appendlx, and numerical values

4, +
are given in the form ( ) B * ¢
P/Chry, Ao * 2
together with values for tapered wings derived from
the data of reference <.

in figure 3,

It may be noted that use of the parameter @F»C to
hrs

determine the total correction for rolling would be
impractical because 6&¥0 is not proportional
LS
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to {C, )| . Although the numerical values of (1D>
@ /LS "/ Cnpg

vary consideratly with <fh ) , the actual effect on
a
7 .S
the stick forces 1s small because aP)C changes most
h

L
with (éh ) when the values of (?h are small.
“/1s a/1

This effect is illustrated in figure 19, in which

nmrnerical values of (ap for a thin elliptic wing
Chyg

of aspect ratic 6 are given, together with the values

obtained by lifting-line theory, the values obtained by

applying the Jones edge-veloclty correction, and the

values obtained by using the alleron midpoint rule

(reference 8). The values obtained by the use of the

Jones edge-velocity correction are shown to be 4.4 percent

less than those obtained by the use of lifting-line theory.

The right-hand side of equation (9) is divided into
the following two parts:

- o 6

Part IT = A(th>
13

Part I of the correction for rolling can be applied
to ths statie hinge-moment data as a change in the
effective angle of attack as in refercnce 2. (Also
see equation (2).) Part II of eguation (2), however,
is applied directly as a change in the hinge-moment

coefficients,
b
ACy, = A(?h
=0 (o) B

Inacmuch 2s part IT of equation (9) is numerically
falrly small (Ach = 0,002 for £z = 0.1 for a

Iz ~
wing of aspect ratio 6), 1t need not be apolied at all
except for falrly large airplanes at high speed.
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Approximate Method of Extending Results
to VWilngs of Other Aspect Ratlos

Damping in roll Czp.— In order to make the results
of practical value, 1t is necessary to formulate at least
approximate rules for extending the results for a thin
elliptic wing of aspect ratio 6 to wings of other aspect
ratios. There are lifting-surfuce-theory solutions
(references 4 and 9) for thin elliptic wings of A = 3
and A =6 at a uniform angle of attack. The additional
agpect-ratio correction to CLa was computed for these
cases and was found to be approximately one-third greater
for each aspect ratio than the additional aspect-ratilo
correction estimated from the Jones edge-veloclty
correction.

The additional aspect-ratio correction to Oy

for the electromagnetic-analogy model of A = 6 was
also found to be abhout one-third greater than the
corresponding edge-velocity correction to Czp. A

reasonable method of extrapolating the values of Clp

to other aspect ratios, therefore, 1ls to use the
variation of the edge-velocity correction with aspect
ratio as a basis from which to work and to increase the
magnitude by the amount required to glve the proper

value of C for A = 6, Effective values of E
lp

and E' (E, and E'¢) were thus obtained that would
give the correct values of CIﬁ for A=3 and A =6
and of CLp for A = 6. The formulas used for esti-

mating Ee, and E'eC for other aspect ratlios were

Eeo = 1.65(Fc - 1) + 1
Bleg = 1.65 (5'¢ - 1) + 1
Values of Eg, and L's, 8are given iIn figure 16.

¢ JU—
Values of ?;2 Vﬁ - ¥° determined by using Ele,
o

are presernted in figure 2 as a function of Ag/ag
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where A; = A V& - M° and ay 1s the Incompressible
slope of the section 1ift curve per degree.

Hinge-moment parameter Chn°- In order to deter-

mine Chp for other aspect ratios, it is necessary to
estimate the formulas for extrapolating the streamline-

curvature corrections (AChG> and (AChé> . Values
/30 sC
of (Acha> for A=3 and A =6 eore available in
3C

reference 3. Values of (éch;> might be expected to be

SC
approximately inversely proportional to aspect ratio and
an extrapolation formula in the form (AC = S

is therefore considered satisfactory. The values of Kj

and Xg are determined so that the values of ACh;)

/sc

for A=3 and A =6 are correct. Values of Ky " and
vary with aileron span. The values of Ko, however,
for all ailleron spans less than 0,6 of the semispan are
fairly close to 1,0; thus, by assuming a constant value
of Xo = 1.0 for all aileron spans and calculating
values of Kp, a satisfactory extrapolation formula

may be obtained. It 1s impossible to determine such a

formula for (AChP)S“ because results are available
\ C
only for A = 86; however, it seems reasonable to assume
the same form for the extrapolation formula and to use
the same value of K, as for (ACha> . The value
SC
of Kl can, of course, be determined from the results

for A = 6,

Although no proof 1s offered that thece extrapolation
formulas are accurate, they are applied only to part II

of equation (9) (values of A(Ch§> , which is numeri-
LS

cally quite small, and sre therefore considered justified.

Ko
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CONCLUDING PEMARKS

Trom the results of tests made on an electromagnetic-
analogy model simulating a thin elliptic wing of aspect
ratio 6 In a steady roll, lifting-surface-theory vslues
of the aspect-ratio corrections for the cdamping in roll
and aileron hinge momenvs for & wing In steady roll were
obtained that are ccnsiderably more accurate than those
given by liftling-line theory. First-order effects cf
compressibility were included in the computations.

It was found that the damping 1In roll obtained by
lifting-surface theory for a wing of aspect ratio 6
1s 13 percent legs than that given by lifting-linse
theory and 5 percent less than that gilven by the
lifting-line theory with the Jones edge-velocity cerrec-
tion applled. The results are extended to wings of any
aspect ratio.

In order tc eastimate aileron =sticzk forces from
static wind-tunnel data, it is necessary to know the
relation between the rate of change of hinge moments
with rate of roll and the rate of change of hilnge
moments with angle of attack. It was found that this
ratio 1s very nearly equal, within the usual accuracy
of wind-tunnel measurements, to the values estimated by
using the Jones edge-velocity correction, which for an
aspect ratio of & gilves values 4.4 percent less than
thoss cbtalned by means of lifting-line theory. The
additional lifting-surface-theory correction that was
calculated need only be applied in stick-feorce esti-
mations for falrly large, high-speed airplanes.

Althoughh the method of applying the results in the
gereral case 1s hased on a fairly compllcated theory, it
may be applied rather simply and without any reference
tec the theoretlcal section of the report.

langley Memorial Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Fleld, Va.
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APPEEDIX

EVALUATION OF a FOR ELLIFTIC WINGS
p ChTL

It was shown in reference 2 that for constant-
percentage-chord ailerons the hinge moment at any aileron
gsection 1s proportional to the section 1ift coefficient
multipllied by the square of the wing chord; for constant-
chord ailerons, the hinge moment at any aileron section
1s proportional to the section 1ift coefficient divided
by the wing chord. The factor (ap>ch 1s obtained

TTHLL
by averaging the two factors czcz and cl/c across
the aileron span for a reclling wing and a wing at
constant angle of attack. For elliptic wings, with
& slope of the section 1ift curve of 2m, it wag
shown in reference 6 that strip-theory values multiplied

A A
by aerodynamic-induction factors Z——-_%—-—2- or K__%—Z
- Be c

could be used. (lNote that A i1s substituted for A

to account for first-order effects of compressibility.)
Thus, for constant-percentage-chord ailerons on a rolling
elliptic wing, -

: A
2 _ c 2 2 Dy
QLCV = IZ“:HZ sin“0 Cq 27 7

2meg2As pp 2

and for the same wing at a constant angle of attack «
0p02 = ot sin®8 cg22mq
i F s

In order to find (ap)ch » the irtegral L/c,:zc2 dy
‘ LL

across the alleron span must be equal for both the
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rolling wing and the wing at constant a. Thvs,

) ome LA L
UJ/czc2 ay = = 4? g% sin®9 cos 8 dy

dy = % d(cos 8)
:-%sine fel2)
Let
a = (a jolo]
,<p>ChLL 2V
Then n
( by + 2 sin® cos 6 49
a =
P L. ¥ 4 )
“/Cnrp, ¢ /@in3e ae
( eo
1 [. 4 1
_ Ag + 2 v s:.n—e_lei
—KC+41P 2 -‘90
glfln 8 cos 8 + 2 cos 8}91
where 6, and 631 are parameters that correspond to

the outboard and inboard ends of the alleron, respectively.
A+ 4 '

values of GL) &

p T+ 2

ChLL Ao *

outboard end of the aileron at _§_ = 0.95 and plotted
b/e

were calculated for the

in figure 3.
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A similar development giveaz, for the constant-chord
ailercn,

Q
o|N
[eN
)
]
(@]
[6)]
P
=1 Y
o
+10
.
N
DY
P £
F,,\c
e
= |
[avE Nes)
[oN
e

C
STA '
= " € 2— .%\bf ((ID) ‘/Z_j—_dv-—e—
CS(AC + ) ¥ ChLL o
(av)> ho 4+ 4 _ (/:,OS 8 Aae
I .- 3 = :
. B

otn ]}
~ sin 8 8
| |
T
. 0
,ji

These values are also presented in figure 3.
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Figure 2.- Variation of damping coefficient with aspect ratio
and taper ratio in terms of slope of section 1lift curve for
incompressible flow (per degree). (Lifting-line-theory
values of reference 2 with an effective edge-velocity
correction applied.)
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t1p locations. The corrections of figure 4 must be
used with thesge values,
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Freore b .~Varialion of Lhe funpe moment correctorn Foclor (z.acﬁ;)'g
wilh asleron- chord ratio and exierna/-orverfiang
aeredynamc balance -chord rario. For internal aerodynarie
balance, use an effectrve €6, " 08c, (reference 5).
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midpoint rule,

M = 0.

lifting-line theory,
with edge-velocity correction applied, and 1lifting-
surface theory for an elliptic wing of aspect ratio 6.
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Figure 19.- Values of parameter (ap)c from aileron-

lifting-line theory
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